B.A/B.Sc 6™ Semester (Honours) Examination, 2020 (CBCS)
Subject: Mathematics
Course: BMHG6 CC 13
(Metric Spaces and Complex Analysis)

Time:3 Hours Full Marks: 60

The figures in the margin indicate full marks.
Candidates are required to write their answers in their own words as far as practicable.
[Notation and Symbols have their usual meaning]

1. Answer any six questions: 6x5=30

(a) Prove that a compact metric space is complete. 5

(b) Prove that a metric space (X,d)is disconnected if and only if there exists a continuous
function f : X — {0,1}, which is onto. 5
(c) (i) Prove that for any two distinct points X, Yy in a metric space (X ,d ) there exist two open

sets U and V in X containing X and Y respectively such that U NV =¢

(ii) Give an example with justification of a non-trivial map f from a metric space onto itself
which have infinitely many fixed points. 3+2

(d) Let (X,d)and (Y,p) be two metric spaces. Prove that a mapping f : X — Y is continuous
if and only if f(ﬂ)c f(A)for every Ac X. 5

2z
(e) (i) Evaluate J.e;zldz,where ]/={ZG(CZ|Z|:3}
y(z+1

N : v
(i) Examine the convergence of the series Z—I
n=0 n:

(f) Show that u(x,y)=e*(xcosy—ysiny)satisfies Laplace equation and find its harmonic

,Where ze C . 3+2

conjugate function v (X, y)so that f(z)=u(x,y)+iv(X,y)isanalytic, where ze C  2+3

(9) State and prove Liouville’s Theorem. 1+4

(h) (i) Let (X,d)be a metric space and A be a non-empty subset of X. Suppose f: X —> R
be given by f(x)=d(x, A)x e X. Show that f(x)=0 ifand only if x € A
(ii) Prove that arg z—arg(—z) = £ according as arg z is positive or negative, where
zeC 3+2
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2. Answer any three questions: 10x3 =30

(@) (i) State and prove Banach Contraction Principle.
(ii) Let (X, p)and (Y, o) be two metric spaces and f :(X, p)— (Y,o)be a uniformly

continuous function. If {x, } is a Cauchy sequence in (X, p) then show that { f (x, )} is
also a Cauchy sequence in(Y, o). (1+5)+ 4
(b) (i) Prove that a metric space (X ,p) is complete if for every descending sequence of non-

empty closed sets {C, } in (X, o) with diam(C,)— Oas n — oo, the intersection

C =1 C, consists of single point only.
n=1

(ii) If A isa connected set in a metric space (X, p)and Ac B < A then show that B is

connected and hence show that A is connected. 5+ (3+2)

(©) (i) Let(X,p)and (Y,o)be two metric spaces and f :(X,p)—>(Y,o)bea continuous
function. If K < X isa compact setin (X, p) then prove that f (K) is a compact set

in(Y, o). Hence show that a surjection f :[a,b] - C(C < R), where C is not closed
inR , cannot be continuous.

(i) Let f:IR — R be a differentiable function and suppose ‘ f/ (x)‘ <lonR. Show

that f isa contraction mapon R . (4+3)+3

(d) (i) Let f =u+ivbe adifferentiable function onaregion G C. If f (G) is a path of a

circlein C , show that f is constant .

(ii) Prove that every non-constant polynomial with complex coefficients has a zero in the
field of complex numbers. 5+5

(e) (i) Find the Laurent series expansion of f (z)= in2<|z|<oo.

sin x
—dx=
X

4+6

_
2(z2-1)(z-2)
%.

(if) By contour integration show thatj
0

Page 2 of 2



