B.A/B.Sc 3" Semester (Honours) Examination, 2020 (CBCS)
Subject: Mathematics
Course: BMH3CCO06 (Group Theory-1)

Time: 3 Hours Full Marks: 60
The figuresin the margin indicate full marks.
Candidates arerequired to write their answersin their own words as far as practicable.
[Notation and Symbols have their usual meaning]

1. Answer any six questions. 6x5 =30
€)) Prove thatZzsQ Zs =Z1s. [5]
(b) In S, find a cyclic subgroup of order 4 and a nonayslibgroup of order 4. [5]
(c) () LetH be asubgroup of the group G of in@Rrove that H is normal in G. [3]
(i)  Prove thaZ under addition is not isomorphic to Q under addition. [2]
(d) Show that Ahas no normal subgroup. [5]
(e) Determine the number of cyclic subgroups of ordemlZ; o6& Zzs. [5]
() Prove that a cyclic group of finite ordehas one and only one subgroup of ord¢5]
d for every positive divisod of n.
(9) Let G be a cyclic group of order 6 generatedxoy et H, K be the subgroups [5]
generated by, X° respectively. Prove that|=3, K|=2,G=HK, and that
HNK = {e}.
(h) Show that all proper subgroups of the quaterigiroup @ are cyclic. [5]
2. Answer any three questions: 3 x10=30

(@ () If His a subgroup of finite index in G,qwe that there is only a finite of [5]
distinct subgroups in G of the form aHa
(i) Does there exist subgroup HBbther than &? Justify your answer. [5]
(b) (i) Let G be a finite group whose order is disible by 3. Suppose that [5]
(ab)®=a’h® for all x in G. Prove that G must be abelian.
(i)  How many generators does a cyclic group afeom have? Justify your answer. [5]
(c) () Suppose H is the only subgroup of orderifHhe finite group G. Prove that H [5]
is normal subgroup.
(i) Prove that a group of order 9 is abelian. [5]
(d) (i) Suppose that N and M are two normal subgroups ofrm@ that NN [5]
M={e}.Show that for any nin N and m in M, nm=mn.
(i) Let H be group of order n which is also a hmmorphic image of G. Let k >1  [5]
be a divisor of |G| such that gcd (k,n)=1. Thennstimat G is not simple.
(e) () Let¢p: GG be a homomorphism of a group G onto a grolgr@e be the  [5]
natural homomorphism of G onto G/H whereke=p. Prove that there exists
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an isomorphismp: G/H—G'such thagp=y6.
() Let G:{[Z Z]| ainR a# 0}. Show that G is a group under matrix [5]

multiplication.
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